
LECTURE FOUR (STALKS ,

MORPHISMS , AND SHEAFIFIC-

A T I ON)



S3 . 3 . STALKS :

IDEA : Take preshea ,
F

, of abelian groups on a

topological space ,
X- > Associate to each point xeX

an abelian group , Foc
,

the STALK

we take a small noughbourhood around s X ,
and the

stack gives us information off the section in this

neighbourhood .

How ?: Look at sections of open sets which contain

xX that agree on intersection - requires idea

of DIRECT LIMIT

The STALK , Fp Of Fat EX
,

is the DIRECT LIMIT

of F(u) for all u2X containing a

Fp : = Lim F(u) : = S(u
, qcF(u))]/

3) W

~: = (u , feF(u)) ~(v
, g

+ E(vi) If there exists an

open set We UnV which contains , such that
:

f (w = g(n



REMARK
:~ Is reflexive , Symmetric , and transitive

(If (s
,
U) - 1s

, Ul and Is
,
ul-IS"

,
U")

, one can find

open neighbourhoods v unu' and v'cu'n 4" of

i
, over which sand s

,
and s'ands"

,
coincide .

S And S" Coincide on V'n V

DEFINITION : The STALK ,
Ja

, at xEX is the set

of equivalence classes :

Fi : Flu

An element Se Fi can be represented by a

Section se Flul for U , and Si is the GERM o

the section s a + 1) .

In other words
, the germ of sata is the

equivalence class , where fordny neighbourhood

U ou s , there is a natural map F(u) -Fi ,
which

sends the sections to the equivalence class ,
where

Is, u) belongs



GUID ING PRINCIPLE :

· The germ ,
se , of a section ,

s , vanisches

= The section vanishes on some neighbourhood

of Priect v

· All elements of Fis are germs

·J Is the gets sheaf to All stalks Zero



S3 . 4 . MORPHISMS BETWEEN SHE AVES AND

(PRE) SHEAVES :

DEFINITION : Lat X be a topological space ,

and let F and G be (prelscheaves on X. A

MORPHISM ,
P : FXG , consists of morphisms :

4 (u) : F(u) -> G(u)

For each open sect
, such that , if VeU

, then :

F(u)3(u) < G(u)

Suv Suv

V V

F(v) < G(v)
4(v)

Comm u it es

REMARK : Isomorphic if there exists an inverse to

4 , such that :

304 = Ha , 4 - 04 =1



REMARK : (ire) sheaves of abelian groups on X,

with their morphisms forms & CATEGORY.

Also , sheaves of abedian groups forms a

category

S3 . 5
. PUSHFORWARD OF A SHEAF :

Let X be a topological space ,
Fa sheaf on X-

and F : X- Y a continuous map. One may defined

sheaf on Y
,F on Y by :

(f -

F)(u) = F(f
+ u)

The restriction maps come from F

One Calls &
*

Fa PUSH FORWARD

EXAMPLE : DE Y Fixed point

f : X + y Constanct map . I . E
. f(x) = p Vi eY



Let F be sheaf on X

For UE Y , one has :

f + F(u) =

F(x) , +pe US o , If pbu

If one is interested in the sconer to where

G is a sheaf on Y
, and we want to define

a sheaf on X-we have to take the limit

of sections over those open sets which

contain F(U).

DEFINITION : Inverse image scheaf,
*

G on

X is the scheatification of the presheaf :

41 Lim G(v)

f(u) - v



sheafification ?

Let F be a prescheat on X .
There is a

schea ,
Ft

, and a morphism R : F FT
,

such that for any schea G ,
and any

Morphism D : F & G , there is a unique

morphism I : F
+ -G

,
such that :

e = You

Fri +

"
e

--
F +

Is the SHEAFIFICATION o


