LECTURE ONE -
PREREQUISTTES FOR ScHEMES



. ’
%_1_,_ THE PREGUEL’:

In cAG we had b0 conscder algebraveally cosed
eetds. Thhe svudves began by conscdercng Points v
3y dyun @ A -5pace wheh Were Lt comman roots ror

3 seb od), \%.uncbuons {,romp coordinabe rung-
DErINITION: Let Sc kIlx,,.. ,3%n). Tbes JERC SET vS:
Jin: fxenlo lgu:o Vg esy

An ALGEBRAIC SE T ¢3 30me subseb of, A"(k) ,wneen
o..?, thes \[)}_orm.

We atso haad 3JLs) = 3jlay, Jyor a 83 bhe vdeal generated

b35

Dey derent ¢deats can ded,cne bthe samo sigebravesel

thus the radicdL vs ¢netroduced



DEFTngT3ION. The RADICAL , {0 o &, c¢s :

J'&"={\Q,|.&'ea ForsomereN}
Thes dnelped 3¢ ‘frr"’” =0 (r >0) ‘Y and onty v,
\p,(p\-o ( $0 'sla,\.-. SNE}\ =P Two cdeats wybh bhe

Same radvcal have bthe $3me Feco SCES

e c8n conscder bhe ‘converse’ as well. T0ue Ve Al
The Set ow.B, Polynomeals which vanceh ap every point

oy V, vec A" (R) ¢s-
T (V) = {t,a_e R Cuxy,..., | |te,.l.u‘=0 VueV-'s

REmark: TI(v) Tg a rtadica\ ideal ocG. .ht‘.z,....,u.:l.and c\&

Wev, then TLlv)criw)

THEoREM (HILBERT'S NULLITELLENSAT ) Let Jo be an

dlgebraceatily ctosed Q,ce,t.d . Then the mapP:
{Radc‘col cdeats o C .htu,,...,xn'ﬂ — {Closcd sets X ¢ lA"(.b.;}

Dg;&_ll\cd 55 a — Jlo) as bilec Con, , with cnverse X'-"I()C‘



THECREM (HM3.8 ERT'S WEAk NULLSTELLENMSATR). Let «k be an

2lg e bravcauy Ctosed Qr"'"d' Then -

I.) Every maxe¢mat cdeatl ¢n &k Ceg,....¢a) ¢s 0f, the Porm’
m = (%1 - as, ..+ Xn-dn)

T\ For &n cdest a, tWhe Bgro sat , 5(@, s emp vy ner and

onty ¢f, Q> (1)

Then we ¢Atrodwced the Tmportant rdeps o)

TRREDWM CIQBILITY,

DEFINETION: An stgebravec seb, Ve A", ¢s REDucsSBLE

f\b v Vi uv, \(ror non -empby sebs Vi, Vo ¢ A", weth VZ#Vye

and V # Vv, . Obtherwtse ¢b ¢ IRREDYCLBLE.

A \fluadamzn&s\ propossiron we dhave 3 that an M-a-
Seb X ¢ A% () ¢s “rreducibie v, and only o) the cdeal
I(X) ¢s prema- Fuctharmore, we Aow can be Specty,st

dbout whaé ¢s meant b\\j an ArP®INE VAD.IET""



N ION:. An  AFFINE ¢vaRIETY ¢s an crreducevble

dlgebrace seds en A L)

We than dad,vned 3 POLMNNOMIAL FuneTION on %X C A'kb)
3% the fregteccbkbvon o..(,. some pouanomca L ¢n -.bf)c,,...,‘)c.-.-l
to X. Thus. bwo Poty nomrals "er and 9, resbrict 60 the
same Qunckeon on X when thevr de-.e,»())crencc,.e_-s,
vancs hes on X, One may then de.vne the set oy,

Potynomial Jrunckvons on X VIA bhe quobrent Fvng!
AlLx)= RLxy,.., %) [/ T(x) _k CosR DINATE R ING

AlLX) T« & toot Qo brangporbing geomebrc proPer breg °£

X vo atgebrarec propertres 0. Aly) - and voce verso.

ALGEBRA: GEOMETR™N

Raadicar raeais o¢), ALX) JcLosed subsets oy X
Preme vesls o:?, AC XD Trreduttble dljebr 8iC €ecsy €N

Maximdl caeats of, Aw) |Porars 1n X




Ne con dc-Q,mc bhe dimenscof °0/ an aLsa,bl‘a\:c sed o5
cts dimensvon as a bo po(,oseca(. space. I.E. The

supremum oy, &he n.!,o.narbhf of &he chacns of, déstencd
vrreduccble closed subsess 0;0, X, wd\c,rg,-ba duo]t.‘n.:b!bo

the chavn Xo € Xa € ¥Xa €... < %Xn +has d'cnanb\) n.

Our coor dinate reng Atx\.o\a. some a..e,.or\:nq vor..‘el;:) X,
v$ 80 JTINTEGRAL DOMAIN L Ne bhus know &Lhere ¢s &
frectvon dsatd , LX) - caued dne \p,.-ua o, rabuonel
frunckvons on X, and bhe elemendsS ace RATIONAL
FunNC < ToWN S.

One c.tassc.erce‘ tg_edllx\ as REGULAR ay peX ;‘.e_ one
con ewpeess c6a3a roctron {2 Ib, wibh 3, beAl¥
anda bi(p) Fo.

I-.B. p e A , Sums and producds O\P, re,oul.ot \fruncbb‘OﬂS

2ce Udike wese resuba( abkp.



DEFINITION: The Locar RING o, X av P vs &he

Subring of, kX, wnich conbacns au elements which

are msud.or adg P

©x,p = {\E.c-.lz(.\() \-.P’ Ts reaulac at p_"

19, A and Y are a;&%cne varceb ves , Uc X ¢s
opan; Lhen c@ \(’,:u—:»‘l ¢S 3 conbvnuousS map , and

g6 &4 LlV) vs a requs functron, bhen she

PuLLBAck of. g 53 ‘8"""
l?f* ‘3\ = 3° ‘e } Funcbeon on open SQ'" %'1(#\

Furher, .U Y ¢s 8 MORPHISM ¢ <t puus back
Lo re Su.bar \.P,unc twons. T.E. "er*‘ﬂ) € &y Lx&" v) q.erof

each Ve .

\Pr ‘U Y 31¢ 3an TSOMOR PHISM c%, ¢k hes an cavacsa maP

wihichh ¢3S 8L30 @ morplhiS M.



