
LECTURE THREE (SHEAVES



S 3. ON THE TOPIC OF SHEAVES :

One requires an additional piece of data to

define the infamous scheme - calded sheaves.

This represents a frequent concept in maths,

where one studies a space by singling in on

the local properties .

Three key examples :

· Manifold-locally Euclidean

·Complex manifold-locally like UCI

· Algebraic variety-loadly like Jero

sect for sect of polynomials

In each respective case , one has a particular sect

of functions which adequately define them .I. E .:

· Smooth functions (manifolds)

· Hodomorphic functions (complex manifolds

· Polynomials ladgebraic variety



Scheaves are a mechanism for describing succh

functions.

IDEA: Scheaves satisfy some axioms and these

axioms are valid for the examples. Allows us to

describe the functions in our examples !

S3 . 1 . PRESHEAVES :

DEFINITION : Let X be a topological space . A

PRESHEAF of abelian groups , For X , consists of

the following data :

1.) For each open set UCX , one has an abelian

group , Flu)

# For each pair of nested open sects , VCH ,

there is a map of groups
:

Sur : Flul-> F(v)



said maps are RESTRICTION MAPS
, which must

satisfy :

#) For any open Set UCX ,
Suu = Ideal

#V
.
) For nestedOpen sets WCVCU ,

Suw = Sow Sur

F(u)
Sur

> FIV COMMUTES !

Sun V

Svw &
> F(w)

cald the elements of FlU) SECTIONS

REMARK : It does not just need to be a belian

groups one considers presheaves of . We may also

consider :

· Se its

· Rings

· Vector spaces

i
-



S3 . 2 . SHEAVES :

We
may now specify when exactly a prescheaf

is a scheaf. In particular, a sheaf is a

preshed where the sections are determined

by local data.

DEFINITION : A preschea is a SHEAF if it

sait is if i eSi

I LOCALITY : Let UcX be an open sect with an

open covering U-SUiYieI

If Site flu) are sections , such that :

Slui =A ui Vi = s = A

#) GLUING : If U and L satisfy 1.)
,
and Sie flui

is a collection of sections satisfying :

Silvinu= Silvia
,

Vi
. je I



Then there exists a section seF(u) , such that

Slui = Si Vi

REMARK S :

· Locality = sections uniquely

determined from their restrictions to smaller

open sects

· GluingIf Allowed to patch local sections

to form a global one , PROVIDED they agree

on over laps

EXAMPLES :

· Regular functions on an affine variety

XA"Affine variety defined by X = V(I)

for I a radical idead

For each UX
,
det Ocul be the ring of

regular functions, -1



For VIU , one was the restriction map :

Sur : O(u) -> Olv

This is the schea of regular functions

·Constant functions

Let X be a topological space

Define a preshed For constant functions with

values in

For non-empty open set USX , set :

F(u) = 11

For the empty set :

F(0) = 0

Our restriction maps are identity maps , as constant

functions remain constant under restriction

Explici + (y :

Sur : F(u) -> F(r) ,
Sur(n) = r



Let's check axioms !

· LOCALITY : Halds as constants that match

on each open set have to councide everywhere

· GLUING AXIOMS
-

Two Open Sets Us , UzEX with

empty intersection causes issue !

Take S . < F(us) = 1
,
S2 < F(uc) = 0

Since UIn Uz = O , the sections trivially agree

on empty intersection. I . E.

Solvenue : O
, Salusnua = O

No single global constant section seFluzuval

which restricts to 1 onU2 and O on U2

FAILS GLUING AX FOm !



Define new schea to fix :

F'(0) = 0

j'(u) = [ : 4e(f(x) = f(y) When 1 , y die an same

connected component of us

A section then assigns a possible different

integer to each connected component of U . I. E.

· For VEU
, Sur : F'(u) -> F'(l) , Nflv

· For U with connected components indexed by

Set I :

5'(u)=


